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Let X = V ( f1, . . . , fn−m) ⊂ Rn be a compact real algebraic set and g : X −→ R2m be a
continuous function. If the diagonal in X × X is isolated in the set of self-intersection
points of g, we deﬁne the intersection number of g. In the case where X is a manifold and
g is an immersion it is the intersection number deﬁned by Whitney. In the case where g
is a polynomial mapping, we present an effective formula for this number.
© 2010 Elsevier B.V. All rights reserved.
Let M be a compact oriented m-dimensional manifold, and let g :M −→ R2m be an immersion. We assume that m is
even. Whitney in [9] introduced the intersection number I(g) ∈ Z of g . If g is completely regular (i.e. g has no triple points,
and all self-intersections are transversal), then I(g) is the algebraic number of self-intersections. In the other case there
exists completely regular immersion g˜ regularly homotopic to g (i.e. at each stage it is an immersion and the induced
homotopy of the tangent bundle is continuous) and I(g) is deﬁned as the intersection number of g˜ .
Deﬁne G(x, y) = g(x)− g(y) :M ×M −→ R2m . Since g is an immersion, there exists (N, ∂N)—a compact 2m-dimensional
oriented manifold with boundary, such that
N ⊂ M × M \  and G−1(0) \  ⊂ N \ ∂N,
where  is the diagonal in M × M . Denote by d(G) the topological degree of the mapping
∂N  (x, y) → G(x, y)‖G(x, y)‖ ∈ S
2m−1.
Of course, d(G) does not depend on the choice of N . According to the Lashof and Smale [4],
d(G) = 2I(g).
In [6] Smale proved that two immersions f , g : Sm −→ R2m are regularly homotopic if and only if I( f ) = I(g).
Assume that F :Rn −→ Rn−m and g :Rn −→ R2m are polynomial mappings, such that M = F−1(0) is an m-dimensional
compact manifold, and g|M is an immersion with ﬁnite number of self-intersections. According to [3], with this mappings
we can associate a polynomial mapping H :R2n −→ R2n , such that
I(g) = 1
2
∑
p∈H−1(0)\
degp H,
where degp H denotes the local topological degree of H at p. Moreover in many cases there is an effective method to
compute
∑
p∈H−1(0)\ degp H .
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380 I. Krzyz˙anowska / Topology and its Applications 158 (2011) 379–386In this paper we show how to deﬁne the intersection number I(g) in two cases:
• when g :M −→ R2m is a continuous mapping on a compact m-manifold, such that the diagonal is isolated in {(x, y) |
g(x) = g(y)},
• when X = V ( f1, . . . , fn−m) ⊂ Rn is a compact real algebraic set (which may have singular points), and continuous
g : X −→ R2m is such that the diagonal is isolated in {(x, y) | g(x) = g(y)}.
For these mappings the invariant which we deﬁne in this article characterizes self-intersection points. In the second case, if
g is a polynomial mapping one may apply the algorithm presented in [3] in order to compute I(g).
The paper is organized as follows. In Section 1 we recall the deﬁnition of the topological degree of a mapping on a
compact real algebraic set and we prove some of its properties. In Section 2 we gather deﬁnitions and useful facts about the
intersection number of immersions. In Section 3 we study the intersection number for continuous mappings on compact
manifolds. In Section 4 we deﬁne the intersection number for continuous mappings on real compact algebraic sets, moreover
we apply results presented in [3] to compute it. In the end we presented some examples computed by a computer. In all
our computations we used Singular [1]—a computer algebra system for polynomial computations, and computer programs
written by Adriana Gorzelak and Magdalena Sarnowska—students of computer sciences at the University of Gdan´sk.
1. Topological degree of a mapping on a compact algebraic set
In [7] Szafraniec introduced the fundamental class of a compact real algebraic set and the topological degree of a map-
ping on such set. Let us recall some facts from [7].
Let F = ( f1, . . . , fk) :Rn −→ Rk (k  n) be a polynomial mapping such that X = F−1(0) is compact. Let U ⊂ Rn be a
bounded open set such that X ⊂ U . Then there exists δ > 0 such that F−1(Bδ) ∩ ∂U = ∅, where Bδ ⊂ Rk denotes the closed
ball of radius δ, centered at the origin.
For y ∈ Bδ , we denote F y = F−1(y) ∩ U . Of course if y is a regular value then F y is either an empty set or a
smooth compact manifold of dimension m = n − k. We say that vectors v1, . . . , vm ∈ T p F y are well oriented if vectors
∇ f1(p), . . . ,∇ fk(p), v1, . . . , vm are well oriented in Rn , so F y is an oriented manifold.
For δ > 0 small enough, there exists a deformation retraction r : F−1(Bδ) ∩ U −→ X . Let
r∗ : Hm
(
F−1(Bδ) ∩ U ;Z
)−→ Hm(X;Z),
denote the induced homomorphism on m-homology groups.
It is obvious that the set of regular values of F is semi-algebraic and dense, so its interior Θ is open, dense and semi-
algebraic. Denote Θδ = int(Bδ) ∩ Θ . For y ∈ Θδ , let [F y] ∈ Hm(F−1(Bδ) ∩ U ;Z) denote the element represented by the
oriented manifold F y . If y, y′ ∈ Θδ , then [F y] = [F y′ ], if F y = ∅, then we put [F y] = 0.
Deﬁnition 1. The homology class [X]F = r∗([F y]) ∈ Hm(X;Z) is called the fundamental class of X .
If G : X −→ Rm+1 \{0} is a continuous mapping, then G induces a homomorphism G∗ : Hm(X;Z) −→ Hm(Rm+1 \{0};Z) 
Hm(Sm;Z). There is μ ∈ Z such that G∗([X]F ) = μ[Sm].
Deﬁnition 2. We call μ the topological degree of G , and denote by deg(G).
The degree deg(G) is a homotopy invariant.
Proposition 3. ([7, Proposition 2.1]) Assume that there is a continuous mapping g :Rn −→ Rm+1 such that G = g|X . If δ is small
enough, then 0 /∈ g(F−1(Bδ)∩U ), moreover for every y ∈ Θδ we get that deg(G) = deg(g|F y ), where deg(g|F y ) denotes the topolog-
ical degree of g|F y : F y −→ Rm+1 \ {0}.
Now we shall present some useful facts concerning the topological degree of mappings on compact algebraic sets. As-
sume that
X ′ = {x ∈ Rn ∣∣ f1(x) = · · · = fk−1(x) = 0, fk(x) 0}
is compact. Then F = ( f1, . . . , fk−1, fk) :Rn −→ Rk and X = F−1(0) = {x ∈ Rn | f1(x) = · · · = fk−1(x) = fk(x) = 0} ⊂ X ′ . Let
g = (g1, . . . , gm+1) :Rn −→ Rm+1 be a continuous mapping such that g−1(0) ∩ X = ∅. Then we can deﬁne G = g|X : X −→
R
m+1 \ {0} and the topological degree deg(G). Let U be an open bounded subset in Rn such that X ′ ⊂ U . Let us choose
δ > 0 such that F−1(Bδ) ∩ ∂U = ∅. For any y ∈ Bδ , let us denote F y = F−1(y) ∩ U .
Proposition 4. If deg(G) = 0, then g−1(0) ∩ X ′ = ∅.
I. Krzyz˙anowska / Topology and its Applications 158 (2011) 379–386 381Proof. According to Proposition 3 we have that deg(G) = deg(g|F y ), where y ∈ Θδ . Suppose that g−1(0) ∩ X ′ = ∅. For
y = (y1, . . . , yk−1, yk) ∈ Θδ close enough to the origin, if (y1, . . . , yk−1) is a regular value of ( f1, . . . , fk−1), then
M = {x ∈ Rn ∣∣ ( f1(x), . . . , fk−1(x))= (y1, . . . , yk−1)}∩ {x ∈ Rn ∣∣ fk(x) yk}∩ U
is an (m + 1)-dimensional, compact manifold with boundary such that ∂M = F y and g is nonzero on M . So the map-
ping g|F y : F y −→ Rm+1 \ {0} can be extended to the mapping M −→ Rm+1 \ {0}. According to [2, Theorem 1.6, p. 125],
deg(g|F y ) = 0 and so deg(G) = 0. 
Let us assume that f ′k :R
n −→ R is a polynomial such that N ′ = {x ∈ Rn | f1(x) = · · · = fk−1(x) = 0, f ′k(x) 0} is compact.
Put N = {x ∈ Rn | f1(x) = · · · = fk−1(x) = f ′k(x) = 0}, and suppose that g−1(0)∩ N = ∅. Then G ′ = g|N :N −→ Rm+1 \ {0}, and
its topological degree deg(G ′) is deﬁned.
Proposition 5. If g−1(0) ∩ X ′ = g−1(0) ∩ N ′ , then deg(G) = deg(G ′).
Proof. Suppose that X , N are subsets of an open bounded set U . We can choose y = (y1, . . . , yk) close enough to the origin
such that y is a regular value of both F = ( f1, . . . , fk−1, fk) and F ′ = ( f1, . . . , fk−1, f ′k), and (y1, . . . , yk−1) is a regular value
of ( f1, . . . , fk−1) such that
deg(G) = deg(g|F y ) and deg
(
G ′
)= deg(g|F ′y ).
Then M = { f1 = y1, . . . , fk−1 = yk−1, fk  yk}∩U and M ′ = { f1 = y1, . . . , fk−1 = yk−1, f ′k  yk}∩U are (m+1)-dimensional
manifolds with boundary such that
g−1(0) ∩ ∂M = g−1(0) ∩ ∂M ′ = ∅ and g−1(0) ∩ M = g−1(0) ∩ M ′.
Moreover ∂M = F y and ∂M ′ = F ′y . Then according to [5, Excision Theorem], deg(g|F y ) = deg(g|F ′y ), and so deg(G) =
deg(G ′). 
From now on we shall assume that g = (g1, . . . , gm+1) is a polynomial mapping. Let us deﬁne a polynomial mapping
P = ( f1, . . . , fk−1, g1, . . . , gm+1) :Rn −→ Rn.
Then P−1(0) ∩ { fk  0} = g−1(0) ∩ X ′ . Put Z = g−1(0) ∩ X ′ . Let us recall that g−1(0) ∩ X = ∅ and so if Z is ﬁnite then each
point from Z is an isolated zero of P in P−1(0).
Proposition 6. Let us assume that Z is ﬁnite. Then
deg(G) =
∑
p∈Z
degp P ,
where degp P denotes the local topological degree of P at p.
Proof. There exists (y, y′) ∈ Rk × Rm+1 close enough to the origin such that (y1, . . . , yk−1) is a regular value of
( f1, . . . , fk−1), (y1, . . . , yk−1, y′) is a regular value of P and y = (y1, . . . , yk−1, yk) is a regular value of F = ( f1, . . . , fk−1, fk).
Then P−1(y1, . . . , yk−1, y′) ∩ { fk  yk} ∩ U is a ﬁnite set, and each of its points lies close to some point from Z . Moreover
M = { f1 = y1, . . . , fk−1 = yk−1} ∩ { fk  yk} ∩ U is an (m+ 1)-manifold with boundary, ∂M = F−1(y) and g−1(y′)∩ ∂M = ∅.
By Proposition 3, deg(G) = deg g|∂M . As g−1(y′) ∩ M = P−1(y1, . . . , yk−1, y′) ∩ { fk  yk} ∩ U is ﬁnite, so
deg g|∂M =
∑
p∈g−1(y′)∩M
degp g|M .
Because each point from g−1(y′) ∩ M lies close to some point from Z then∑
p∈Z
degp P =
∑
p∈g−1(y′)∩M
degp P .
According to [8, Lemma 3.2],
∑
degp P =
∑
degp g|M , where p ∈ g−1(y′) ∩ M . So as a consequence of previous equalities
we have∑
p∈Z
degp P =
∑
p∈g−1(y′)∩M
degp g|M = deg g|∂M = deg(G). 
382 I. Krzyz˙anowska / Topology and its Applications 158 (2011) 379–386Example 7. Let F = (z2x2 − x4 − y2, x2 + y2 + z2 − 1) and g = (x2 + z2 − 1/4, y). Of course the set X ′ = { f1 = 0} ∩ { f2  0}
is compact and g is nonzero on X = F−1(0). Let P = (z2x2 − x4 − y2, x2 + z2 − 1/4, y) :R3 −→ R3. It is easy to check
that g−1(0) ∩ X ′ = P−1(0) ∩ { f2  0} is ﬁnite, so deg(G) = ∑degp P , where p ∈ P−1(0) ∩ { f2  0}. Using the computer
system Singular and the computer programs written by Adriana Gorzelak and Magdalena Sarnowska, we have computed
that
∑
p∈P−1(0)∩{ f20} degp P = 0 and so deg(G) = 0.
Example 8. Let F be as above, and g = (6x2 + z,4xy + 3y + z2). Let P = (z2x2 − x4 − y2,6x2 + z,4xy + 3y + z2) :R3 −→ R3.
Using Singular one can check that g is nonzero on X = F−1(0) and P−1(0) is ﬁnite. Then g−1(0) ∩ X ′ = P−1(0) ∩ { f2  0}
is ﬁnite too. Using the same methods as before we have computed that deg(G) = −1, so that g−1(0) ∩ X ′ = ∅.
2. The intersection number
In this section we gather deﬁnitions and facts about the intersection number.
Let M be an m-dimensional manifold. A C1 map g :M −→ R2m is called an immersion, if for each p ∈ M the rank of
Dg(p) equals m.
Assume that m is even and M is compact and oriented. Deﬁne
G :M × M −→ R2m as G(x, y) = g(x) − g(y).
Set  = {(p, p): p ∈ M} ⊂ M × M . Since g is an immersion,  is isolated in G−1(0), and so G−1(0) \  is a compact subset
of M × M \ . There exists (N, ∂N)—a compact 2m-dimensional oriented manifold with boundary such that
N ⊂ M × M \  and G−1(0) \  ⊂ N \ ∂N.
Denote by d(G) the topological degree of the mapping
∂N  (x, y) → G(x, y)‖G(x, y)‖ ∈ S
2m−1.
Of course, d(G) does not depend on the choice of N . In particular, if G−1(0) \  is ﬁnite then
d(G) =
∑
degz G, where z ∈ G−1(0) \ ,
and degz G denotes the local topological degree of G at z.
Whitney has introduced in [9] the intersection number I(g) for the immersion g . According to Lashof and Smale
[4, Theorem 3.1],
d(G) = 2I(g).
Homotopy gt :M −→ R2m is called regular homotopy, if for each 0 t  1, gt is an immersion and the induced homo-
topy of the tangent bundle is continuous
Theorem 9. ([9, Theorem 2]) If g1, g2 :M −→ R2m are regularly homotopic, then I(g1) = I(g2).
Theorem 10. ([6, Theorem C]) Two immersions g1, g2 : Sm −→ R2m are regularly homotopic if and only if I(g1) = I(g2).
Let us assume that
f = ( f1, . . . , fk) :Rn −→ Rk,
g = (g1, . . . , g2m) :Rn −→ R2m,
where m = n−k, are smooth mappings such that M = f −1(0) and M is a complete intersection, i.e. for each p ∈ M the rank
of Df (p) equals k. We shall say that vectors v1, . . . , vm ∈ T pM are well oriented if vectors ∇ f1(p), . . . ,∇ fk(p), v1, . . . , vm
are well oriented in Rn . In this way M is an oriented manifold.
Put g = g|M and G(x, y) = g(x) − g(y). Let us deﬁne
H(x, y) = ( f1(x), . . . , fk(x), f1(y), . . . , fk(y), g1(x) − g1(y), . . . , g2m(x) − g2m(y)).
Then H :Rn × Rn −→ R2k+2m = R2n , and (p,q) ∈ H−1(0) if and only if (p,q) ∈ M × M and G(p,q) = 0.
Proposition 11. ([3, Proposition 20]) Suppose that m is even, and
(a) M = f −1(0) is an oriented compact m-dimensional complete intersection,
(b) g = g|M :M −→ R2m is an immersion,
(c) H−1(0) \  is ﬁnite.
Then 2I(g) = d(G) =∑degz H, where z ∈ H−1(0) \ .
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Let m be an even number. Let M be an m-dimensional, compact, oriented, smooth manifold laying in Rn . Consider a
continuous mapping g :M −→ R2m . Assume that the set  = {(x, x) | x ∈ M} is isolated in the set {(x, y) | g(x) = g(y)}.
Deﬁne mappings G :M × M −→ R2m , as G(x, y) = g(x) − g(y) and ρ :M × M −→ R, as ρ(x, y) = ‖x − y‖2, where ‖ · ‖
denotes the norm in Rn . Then there exists a positive regular value ε of ρ such that
ρ−1
([ε,∞))⊂ M × M \  and G−1(0) \  ⊂ ρ−1((ε,∞)).
Then ρ−1([ε,∞)) is smooth 2m-dimensional manifold with positively oriented boundary ρ−1(ε) and ρ−1(ε) ∩ G−1(0) = ∅.
Denote by d(G) the topological degree of a mapping
ρ−1(ε)  (x, y) −→ G(x, y)/∥∥G(x, y)∥∥ ∈ S2m−1.
Of course d(G) does not depend on choice of ε. Let us deﬁne the intersection number of g as
I(g) := 1
2
d(G).
Of course if g is an immersion then I(g) is equal to the intersection number of g introduced by Whitney in [9]. A mapping
ρ−1([ε,∞))  (x, y) −→ (y, x) ∈ ρ−1([ε,∞)) is a free involution such that G(x, y) = −G(y, x). So if G−1(0) \  is ﬁnite
then d(G) is an even number, i.e. I(g) is an integer.
Proposition 12. Let g0, g1 :M −→ R2m be mappings such that  is isolated in sets {(x, y) | g0(x) = g0(y)} and {(x, y) | g1(x) =
g1(y)}. Assume that there exists a continuous homotopy
gt :M −→ R2m,
from g0 to g1 and there exists δ > 0 such that for each t ∈ [0,1] and (x, y) ∈ M × M
if x = y and gt(x) = gt(y) then ‖x− y‖2  δ. (1)
Then I(g0) = I(g1).
Proof. Let us deﬁne Gt :M×M −→ R2m as Gt(x, y) = gt(x)− gt(y). From condition (1), there exists a regular value 0 < ε < δ
of ρ such that ρ−1[0, ε] ∩ G−1t (0) = , for each t ∈ [0,1]. And then a family of mappings
ρ−1(ε)  (x, y) −→ Gt(x, y)/
∥∥Gt(x, y)∥∥ ∈ S2m−1
is a homotopy, so d(G0) = d(G1). 
Example 13. Let M = S2. For t ∈ [0,1] we deﬁne
ht(x, y, z) =
(
x− t, y, (x− t)z, yz).
Consider the family
gt = ht |S2 : S2 −→ R4.
It is easy to verify that for each 0  t < 1, gt is an immersion and gt(p) = gt(q) if and only if either p = q, or p = pt =
(t,0,
√
1− t2 ) and q = qt = (t,0,−
√
1− t2 ). The mapping g1 has no self-intersections and so I(g1) = 0. It is easy to check
that I(g0) = −1 = I(g1). Of course ‖pt − qt‖ −→ 0, if t goes to 1, so the condition (1) in the previous proposition cannot be
omitted.
Proposition 14. A regular homotopy gt :M −→ R2m (i.e. for each 0  t  1, gt :M −→ R2m is an immersion and the induced
homotopy of the tangent bundle is continuous) fulﬁlls the condition (1).
Proof. Let ϕ :U ⊂ Rm −→ M be a chart on M , we can assume that U is convex. Take compact, convex set V ⊂ U with
nonempty interior. For x, y ∈ U we have
gt
(
ϕ(x)
)− gt(ϕ(y))= (g1(t, x) − g1(t, y), . . . , g2m(t, x) − g2m(t, y)),
for some g j : [0,1] × U −→ R2m . So for any j = 1, . . . ,2m we have
g j(t, x) − g j(t, y) =
1∫
d
ds
g j
(
t, sx+ (1− s)y)ds = m∑
i=1
(xi − yi)
1∫
∂ g j
∂xi
(
t, sx+ (1− s)y)ds.0 0
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∫ 1
0
∂ g j
∂xi
(t, sx+ (1− s)y)ds. Then
gt
(
ϕ(x)
)− gt(ϕ(y))=
(
m∑
i=1
(xi − yi)h1i (t, x, y), . . . ,
m∑
i=1
(xi − yi)h2mi (t, x, y)
)
.
It is easy to check that each h ji : [0,1] × U × U −→ R is continuous and h ji (t, x, x) = ∂ g j∂xi (t, x). Put
M(t, x, y) =
⎡
⎣ h
1
1(t, x, y) · · · h1m(t, x, y)
...
...
h2m1 (t, x, y) · · · h2mm (t, x, y)
⎤
⎦ ,
so that gt(ϕ(x)) − gt(ϕ(y)) = M(t, x, y) · (x1 − y1, . . . , xm − ym)T . For each t ∈ [0,1], gt(·) is an immersion, so
rankM(t, x, x) =m. We get that for each (t, x, x) ∈ [0,1] × V × V , there exists δ(t, x) > 0 such that
rankM(t˜, x˜, y˜) =m, if ∥∥(t, x, x) − (t˜, x˜, y˜)∥∥< δ(t, x),
and so gt(ϕ(x˜)) = gt(ϕ( y˜)) if x˜ = y˜. The family of balls B((t, x, x), δ(t, x)) is an open covering of the compact set [0,1] ×
{(x, x) | x ∈ V }, so there exists δV > 0 such that for x, y ∈ V
if x = y and gt
(
ϕ(x)
)= gt(ϕ(y)), then ∥∥ϕ(x) − ϕ(y)∥∥2  δV .
As M is compact, so it can be covered by a ﬁnite family of sets ϕ(V ), and so there exists δ > 0 such that for p,q ∈ M
if p = q and gt(p) = gt(q), then ‖p − q‖2  δ. 
Assume that there exists smooth F = ( f1, . . . , fk) :Rn −→ Rk , m = n − k, such that M = F−1(0) is a compact complete
intersection. Let us assume that g = (g1, . . . , g2m) :Rn −→ R2m is a continuous mapping such that g = g|M . Put
H(x, y) = ( f1(x), . . . , fn(x), f1(y), . . . , fn(y), g1(x) − g1(y), . . . , g2m(x) − g2m(y)).
Then H :R2n −→ R2n , and (p,q) ∈ H−1(0) if and only if (p,q) ∈ M × M and G(p,q) = 0. By [8, Lemma 3.2], z = (p,q) ∈
M × M is isolated in G−1(0) if and only if z is isolated in H−1(0), and if that is the case then
degz G = degz H .
Let  = {(x, x) | x ∈ Rn} be the diagonal in Rn × Rn . If G−1(0) \  = H−1(0) \  is a ﬁnite set then
d(G) =
∑
z∈H−1(0)\
degz H .
4. The intersection number of real polynomial mappings
Let F = ( f1, . . . , fk) :Rn −→ Rk , n k, be a polynomial mapping such that X = F−1(0) is compact, and m = n−k is even.
Note that now X is not necessary a manifold, it can have singularities. Let g : X −→ R2m be a continuous mapping such
that the set  = {(x, x) | x ∈ X} is isolated in {(x, y) | g(x) = g(y)}. Deﬁne G : X × X −→ R2m , as G(x, y) = g(x) − g(y) and
ρ : X × X −→ R, as ρ(x, y) = ‖x− y‖2. Then there exists ε > 0 such that
ρ−1
([ε,∞))⊂ X × X \  and G−1(0) \  ⊂ ρ−1((ε,∞)).
Then ρ−1(ε) ∩ G−1(0) = ∅ and ρ−1(ε) is a compact algebraic set given as zero set of the mapping ( f1(x), . . . , fk(x),
f1(y), . . . , fk(y), ε − ρ(x, y)). The topological degree of
ρ−1(ε)  (x, y) −→ G(x, y) ∈ R2m \ {0}
is deﬁned according to [7], denote it by d(G).
According to Proposition 5, d(G) does not depend on choice of ε. We deﬁne the intersection number of g as
I(g) := 1
2
d(G).
If G−1(0) \  is a ﬁnite set, using Proposition 6 it is easy to check that d(G) is an even number, so I(g) is an integer.
Using similar arguments as in proof of Proposition 12 we can prove
Proposition 15. Let g0, g1 : X −→ R2m be mappings such that  is isolated in sets {(x, y) | g0(x) = g0(y)} and {(x, y) | g1(x) =
g1(y)}. Assume that there exists a continuous homotopy
gt : X −→ R2m,
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if x = y and gt(x) = gt(y) then ‖x− y‖2  δ. (2)
Then I(g0) = I(g1).
Let g = (g1, . . . , g2m) :Rn −→ R2m be a polynomial mapping, g = g|X , and {(x, y) ∈ X × X | g(x) = g(y)} \  be a ﬁnite
set. Put
H = ( f (x), f (y), g(x) − g(y)) :Rn × Rn −→ R2n.
Then G−1(0) \  = H−1(0) \  is ﬁnite, and as a conclusion from Proposition 6 we have
Proposition 16. 2I(g) = d(G) =∑z∈H−1(0)\ degz H.
Now we recall the method to compute
∑
degz H , where z ∈ H−1(0) \ , presented in [3]. With mappings F and g we
can associate ideals in R[x, y] = R[x1, . . . , xn, y1, . . . , yn]:
J = 〈 f1(x), . . . , fk(x), f1(y), . . . , fk(y), g1(x) − g1(y), g2m(x) − g2m(y)〉,
I = 〈 f1(x), . . . , fk(x), f1(y), . . . , fk(y), x1 − y1, . . . , xn − yn〉.
Of course J ⊂ I . Moreover
V ( J ) = H−1(0), V (I) = .
Put A= R[x, y]/( J : I), where J : I = {h ∈ R[x, y] | hf ∈ J , for all f ∈ I} is the quotient of ideals. Let us assume that
• dimRA< ∞, so that {(x, y) ∈ X × X | g(x) = g(y)} \  is a ﬁnite set,
• ( J : I) + I = R[x, y].
In [3] there is presented a construction of linear form ϕT :A−→ R. Then we can deﬁne bilinear form ΦT :A×A−→ R
as ΦT ( f , g) = ϕt( f g), such that:
Theorem 17. ([3, Theorem 16, p. 276]) The form ΦT is non-degenerate and∑
z∈H−1(0)\
degz H = signatureΦT .
As a consequence of Proposition 16 and the previous theorem we have
Theorem 18. Let F and g be polynomial mappings such that X = F−1(0) is a compact algebraic set and ideals J , I associated with
them satisfy dimRA= dimRR[x, y]/( J : I) < ∞, and ( J : I) + I = R[x, y]. Put g = g|X , then
I(g) = 1
2
signatureΦT .
Example 19. Put F = f1 = x41 − x21 + x22 + x23. Let us consider the mapping
g = (x1 − 1/2, x2, (x1 − 1/2)x3, x2x3) :R3 −→ R4.
With this mappings we may associate the polynomial mapping
H = (h1, . . . ,h6) :R3 × R3 −→ R6
given by h1 = f1(x1, x2, x3), h2 = f1(y1, y2, y3) and hi = gi−2(x1, x2, x3) − gi−2(y1, y2, y3), for i = 3,4,5,6.
Let I be the ideal in R[x1, x2, x3, y1, y2, y3] generated by f1(x), f1(y), x1 − y1, x2 − y2, x3 − y3 and let J be generated by
h1, . . . ,h6. Using Singular one may check that J : I is generated by y2,2y1−1, x3+ y3, x2,2x1−1,16y23−3, and then mono-
mials 1 and y3 form a basis of A = R[x1, . . . , y3]/( J : I). Then dimRA = 2 < ∞ and ( J : I) + I = R[x1, x2, x3, y1, y2, y3].
Applying the algorithm presented in [3] we deﬁne a linear form ϕT :A−→ R by ϕT (a1 +a2 y3) = − 329 a1, for a1 +a2 y3 ∈A.
The matrix of bilinear form ΦT ( f , g) = ϕT ( f g) is given by[− 329 0
0 − 23
]
,
so signatureΦT = −2, and as a consequence of Theorem 18 we get I(g) = −1.
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Example 20. Let F = f1 = x41 − x21 + x22 + x23 :R3 −→ R, so X = F−1(0) is the same as above. Let g = (x2, x3 − 1/4, x1x2,
x1(x3 − 1/4)) :R3 −→ R4. Put g = g|X , then I(g) = −2.
According to Proposition 15, there is no homotopy fulﬁlling condition (2) between mappings deﬁned in Examples 19
and 20.
Example 21. Let F = x21 + x22 − x33 + x43 :R3 −→ R. Put X = F−1(0), then X is a compact algebraic set. Let g = (−10x1 +9x22 +
19x3,2x1 − 5x2 + 5x23,2x22 + x3,4x1 + 21x21 − x3) :R3 −→ R4. Put g = g|X , then I(g) = 1.
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